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The Probably Approximately
Correct Learning Model

1.1 A Rectangle Learning Game

Consider a simple one-player learning game. The object of the game is to
learn an unknown axis-aligned rectangle R — that is, a rectangle in the
Euclidean plane ®? whose sides are parallel with the coordinate axes. We
shall call R the target rectangle. The player receives information about
R only through the following process: every so often, a random point p
is chosen in the plane according to some fixed probability distribution D.
The player is given the point p together with a label indicating whether p
is contained in R (a positive example) or not contained in R (a negative
example). Figure 1.1 shows the unknown rectangular region R along with
a sample of positive and negative examples. '

The goal of the player is to use as few examples as possible, and as
little computation as possible, to pick a hypothesis rectangle R’ which
is a close approximation to R. Informally, the player’s knowledge of R
is tested by picking a new point at random from the same probability
distribution D, and checking whether the player can correctly decide
whether the point falls inside or outside of R. Formally, we measure the
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Figure 1.1: The target rectangle R in the plane along with a sample of
positive and negative ezamples.

error of R’ as the probability that a randomly chosen point from D falls
in the region RAR', where RAR' = (R— R'}U (R — R).

To motivate the rectangle learning game, consider a slightly more
concrete scenario that can be expressed as an instance of the game. Sup-
pose that we wanted to learn the concept of “men of medium build”.
Assume that a man is of medium build if his height and weight both lie
in some prescribed ranges — for instance, if his height is between five
feet six inches and six feet, and his weight is between 150 pounds and
200 pounds. Then each man’s build can be represented by a point in
the Euclidean plane, and the concept of medium build is represented by
an axis-aligned rectangular region of the plane. Thus, during an initial
training phase, the learner is told for each new man he meets whether
that man is of medinm build or not. Over this period, the learner must
form some model or hypothesis of the concept of medium build.

Now assume that the learner encounters every man in his city with
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equal probability. Even under this assumption, the corresponding points
in the plane may not be uniformly distributed (since not all heights and
weights are equally likely, and height and weight may be highly dependent
quantities), but will instead obey some fixed distribution 2 which may be
quite difficult to characterize. For this reason, in our learning game, we
allow the distribution D to be arbitrary, but we assume that it is fixed,
and that each example is drawn independently from this distribution.
(Note that once we allow D to be arbitrary, we no longer need to assume
that the learner encounters every man in his city with equal probability.)
To evaluate the hypothesis of the learner, we are simply evaluating its
success in classifying the build of men in future encounters, still assuming
that men are encountered according to the same probability distribution
as during the training phase.

There is a simple and efficient strategy for the player of the rectangle
learning game. The strategy is to request a “sufficiently large” number
m of random examples, then choose as the hypothesis the axis-aligned
rectangle R/ which gives the tightest fit to the positive examples (that
is, that rectangle with the smallest area that includes all of the positive
examples and none of the negative examples). If no positive examples are
drawn, then B’ = (. Figure 1.2 shows the tightest-fit rectangle defined
by the sample shown in Figure 1.1.

We will now show that for any target rectangle R and any distribution
D, and for any small values € and § (0 < ¢,6 < 1/2), for a suitably chosen
value of the sample size m we can assert that with probability at least
14, the tightest-fit rectangle has error at most ¢ with respect to R and
D.

First observe that the tightest-fit rectangle R’ is always contained in
the target rectangle R (that is, R’ C R and so RAR' = R— R'). We can
express the difference R — R’ as the union of four rectangular strips. For
instance, the topmost of these strips, which is shaded and denoted 77 in
Figure 1.3, is the region above the upper boundary of R’ extended to the
left and right, but below the upper boundary of R. Note that there is
some overlap between these four rectangular strips at the corners. Now
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Figure 1.2: The tightest-fit rectangle R defined by the sample.

if we can guarantee that the weight under D of each strip (that is, the
probability with respect to D of falling in the strip) is at most €/4, then
we can conclude that the error of B’ is at most 4(e/4) = ¢. (Here we have
erred on the side of pessimism by counting each overlap region twice.)

Let us analyze the weight of the top strip 7. Define T to be the
rectangular strip along the inside top of R which encloses ezactly weight
¢/4 under D (thus, we sweep the top edge of R downwards until we have
swept out weight €/4; see Figure 1.3). Clearly, T’ has weight exceeding
¢/4 under D if and only if T includes T (which it does not in Figure
1.3). Furthermore, T’ includes T if and only if no point in T appears in
the sample S — since if S does contain a point p € T, this point has
a positive label since it is contained in R, and then by definition of the
tightest fit, the hypothesis rectangle R’ must extend upwards into 7" to
cover p.

By the definition of T, the probability that a single draw from the
distribution D misses the region T is exactly 1 — e¢/4. Therefore the
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Figure 1.3: Analysis of the error contributed by the top shaded strip T'.
The strip T has weight ezactly e/4 under D.

probability that m independent draws from D all miss the region T is
exactly (1 —e/4)™. Here we are using the fact that the probability of a
conjunction of independent events is simply the product of the probabili-
ties of the individual events. The same analysis holds for the other three
rectangular regions of R — R/, so by the union bound, the probability
that any of the four strips of R — R' hasg weight greater than ¢/4 is at
most 4(1 — ¢/4)™. By the union bound, we mean the fact that if A and
B are any two events (that is, subsets of a probability space), then

Pr[A U B] < Pr[A4] + Pr[B].

Thus, the probability that one of the four error strips has weight exceed-
ing €/4 is at most four times the probability that a fixed error strip has
weight exceeding e/4.

Provided that we choose m to satisfy 4(1 — ¢/4)™ < §, then with
probability 1 — § over the m random examples, the weight of the error
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region R — R’ will be bounded by ¢, as claimed. Using the inequality
(1—z)<e™

(which we shall appeal to frequently in our studies) we see that any va-lue
of m satisfying 4e~“™/* < § also satisfies the previous condition. Dividing
by 4 and taking natural logarithms of both sides gives —em/4 < In(6/4),
or equivalently m > (4/€) In(4/6).

In summary, provided our tightest-fit algorithm takes a sample of at
least (4/¢€)In(4/6) examples to form its hypothesis rectangle R, we can
assert that with probability at least 1 — &, R’ will misclassify a new point
(drawn according to the same distribution from which the sample was
chosen) with probability at most e.

A few brief comments are appropriate. First, note that the analysis
really does hold for any fixed probability distribution. We only needed
the independence of successive points to obtain our bound. Second, the
sample size bound behaves as we might expect, in that as we increase
our demands on the hypothesis rectangle — that is, as we ask for greater
accuracy by decreasing e or greater confidence by decreasing & — our
algorithm requires more examples to meet those demands. Fina.lly, .the
algorithm we have analyzed is efficient: the required sample size is a
slowly growing function of 1/ and 1/6 (linear and logarithmic, respec-
tively), and once the sample is given, the computation of the tightest-fit
hypothesis can be carried out rapidly.

1.2 A General Model

Tn this section, we introduce the model of learning that will be the central
object for most of our study: the Probably Approximately Correct
or PAC model of learning. There are a number of features of the rectan-
gle learning game and its solution that are essential to the PAC model,
and bear highlighting before we dive into the general definitions.
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o The goal of the learning game is to learn an unknown target set, but
the target set is not arbitrary. Instead, there is a known and rather
strong constraint on the target set — it is a rectangle in the plane
whose sides are parallel to the axes.

e Learning occurs in a probabilistic setting. Examples of the target
rectangle are drawn randomly in the plane according to a fixed
probability distribution which is unknown and unconstrained.

e The hypothesis of the learner is evaluated relative to the same prob-
abilistic setting in which the training takes place, and we allow hy-
potheses that are only approximations to the target. The tightest-
fit strategy might not find the target rectangle exactly, but will find
one with only a small probability of disagreement with the target.

e We are interested in a solution that is efficient: not many examples
are required to obtain small error with high confidence, and we can
process those examples rapidly.

We wish to state a general model of learning from examples that
shares and formalizes the properties we have listed. We begin by devel-
oping and motivating the necessary definitions.

1.2.1 Definition of the PAC Model

Let X be a set called the instance space. We think of X as being a
set of encodings of instances or objects in the learner’s world. In our
rectangle game, the instance space X was simply the set of all points in
the Euclidean plane RZ. As another example, in a character recognition
application, the instance space might consist of all 2-dimensional arrays
of binary pixels of a given width and height.

A concept over X is just a subset ¢ € X of the instance space. In
the rectangle game, the concepts were axis-aligned rectangular regions.
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Continuing our character recognition example, a natural concept might
be the set of all pixel arrays that are representations of the letter “A”
(assuming that every pixel array either represents an “A”, or fails to
represent an “A”).

A concept can thus be thought of as the set of all instances that
positively exemplify some simple or interesting rule. We can equivalently
define a concept to be a boolean mapping ¢ : X — {0, 1}, with ¢(z) =1
~ indicating that x is a positive example of ¢ and c¢(z) = 0 indicating that
z is a negative example. For this reason, we also sometimes call X the
input space.

A concept class C over X is a collection of concepts over X. In the
rectangle game, the target rectangle was chosen from the class C of all
axis-aligned rectangles. Ideally, we are interested in concept classes that
are sufficiently expressive for fairly general knowledge representation. As
an example in a logic-based setting, suppose we have a set Zy,...,%n
of n boolean variables, and let X be the set of all assignments to these
variables (that is, X = {0,1}"). Suppose we consider concepts ¢ over
{0,1}" whose positive examples are exactly the satisfying assignments
of some boolean formulae f. over i,...,Tn. Lhen we might define an
interesting concept class C by considering only those boolean formulae f,
that meet some natural syntactic constraints, such as being in disjunctive
normal form (DNF) and having a small number of terms.

In our model, a learning algorithm will have access to positive and
negative examples of an unknown target concept ¢, chosen from a
known concept class . The learning algorithm will be judged by its
ability to identify a hypothesis concept that can accurately classify in-
stances as positive or negative examples of ¢. Before specifying the learn-
ing protocol further, it is important to note that in our model, learning
algorithms “know” the target class C, in the sense that the designer of the
learning algorithm is guarantesd that the target concept will be chosen
from C (but must design the algorithm to work for any c € C).

Let D be any fixed probability distribution over the instance space X.
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X

F}ibgure 1.4: Venn diagram of two concepts, with symmetric difference
shaded.

We will refer to D as the target distribution. If A is any concept over
X, then the distribution D provides a natural measure of error between
h and the target concept ¢: namely, we define

error(h) = Pryepie(z) # h(z)).

Here we regard the concepts ¢ and % as boolean functions, and we have
introduced a notational convention that we shall use frequently: the sub-
script € D to Pr[] indicates that the probability is taken with respect
to the random draw of 2 according to D. Note that error(h) has an im-

plicit dependence on ¢ and D that we will usually omit for brevity when
no confusion will result.

A useful alternative way to view error(h) is represented in Figure 1.4.
Here we view the concepts ¢ and / as sets rather than as functions, and
we have drawn an abstract Venn diagram showing the positive examples
of ¢ and h, which of course lie within the entire instance space X. Then
error{h) is simply the probability with respect to D that an instance is
drawn falling in the shaded region.

Let EX (c, D) be a procedure (we will sometimes call it an oracle) that
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runs in unit time, and on each call returns a labeled example (z,c(zx)),
where z is drawn randomly and independently according to D. A learning
algorithm will have access to this oracle when learning the ta,rge-t concept
¢ € C. Tdeally, the learning algorithm will satisfy three properties:

e The number of calls to EX (¢, D) is small, in the sense that .it is
bounded by a fixed polynomial in some parameters to be specified

shortly.
o The amount of computation performed is small.

e The algorithm outputs a iypothesis concept & such that error(h)
is small.

Note that the number of calls made by a learning algorithm to EX (¢, D)
is bounded by the running time of the learning algorithm.

We are now ready to give the definition of Probably Approximately
Correct learning. We designate it as our preliminary definition, since we
shall soon make some important additions to it.

Definition 1 (The PAC Model, Preliminary Definition) Let C be a con-
cept class over X. We say that C is PAC learnable if there exists an
algorithm L with the following property: for every concept c € C, ff)r ev-
ery distribution D on X, and for all0 <e < 1/2and0 <46 < 1/2,if L is
given access to EX (¢, D) and inputs € and 8, then with probability at lea;t
1—36, L outputs a hypothesis concept h € C satisfying error(h) < e. This
probability is taken over the random ezamples drawn by calls to EX (¢, D),
and any internal randomization of L.

If L runs in time polynomial in 1/e and 1/8, we say that C s effi-
ciently PAC learnable. We will sometimes refer to the input € as the
error parameter, and the input 8 as the confidence parameter.
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The hypothesis h € C of the PAC learning algorithm is thus “ap-
proximately correct” with high probability, hence the name Probably
Approximately Correct learning.

Two important comments regarding the PAC learning model are now
in order. First, the error and confidence parameters € and é control the
two types of failure to which a learning algorithm in the PAC model
is inevitably susceptible. The error parameter ¢ is necessary since, for
example, there may be only a negligible probability that a small random
sample will distinguish between two competing hypotheses that differ
on only one improbable point in the instance space. The confidence
parameter & is necessary since the learning algorithm may occasionally
be extremely unlucky, and draw a terribly “unrepresentative” sample of
the target concept — for instance, a sample consisting only of repeated
draws of the same instance despite the fact that the distribution is spread
evenly over all instances. The best we can hope for is that the probability
of both types of failure can be made arbitrarily small at a modest cost.

Second, notice that we demand that a PAC learning algorithm per-
form well with respect to any distribution D. This strong requirement
is moderated by the fact that we only evaluate the hypothesis of the
learning algorithm with respect to the same distribution D. For exam-
ple, in the rectangle learning game discussed earlier, this means that if
the distribution gives negligible weight to some parts of the Euclidean
plane, then the learner does not have to be very careful in learning the
boundary of the target rectangle in that region.

Definition 1, then, is our tentative definition of PAC learning, which
will be the model forming the bulk of our studies. As previously men-
tioned, we shall make a couple of important refinements to this definition
before we begin the serious investigation. Before doing so, however, we
pause to note that we have already proven our first result in this model.
Recall that our algorithm for the rectangle learning game required the
ability to store real numbers and perform basic operations on them, such
as comparisons. In the following theorem, and throughout our study,
whenever necessary we will assume a model of computation that allows
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storage of a single real number in a single memory location, and tl.la.t
charges one unit of computation time for a basic arithmetic operation
(addition, multiplication or division) on two real numbers.

Theorem 1.1 The concept class of azis-aligned rectangles over the Eu-
clidean plane R? is efficiently PAC learnable.

1.2.2 Representation Size and Instance
Dimension

An important issue was swept under the rug in our definition of P{XC
learning. This is the fundamental distinction between a concept (W}':uch
is just a set or a boolean function) and its representation (which is a
symbolic encoding of that set or function). Consider a class of concepts
defined by the satisfying assignments of boolean formulae. A concept
from this class -— that is, the set of satisfying assignments for some
boolean formula f — can be represented by the formula f, by a truth
table, or by another boolean formula f' that is logically equivalent to f.
Although all of these are representations of the same underlying concept,
they may differ radically in representational size.

For instance, it is not hard to prove that for all n, the boolean parity
function f(z1,...,Zn) =21 D" D Zp {where ¢ denotes the exclusi*tre-o‘r
operation) can be computed by a circuit of A, V and — gates whose size is
bounded by a fixed polynomial in 7, but to represent this same function
as a disjunctive normal form (abbreviated DNF) formula requires size ex-
ponential in n. As another example, in high-dimensional Euclidean space
R" we may choose to represent a convex polytope either by specifying
its vertices, or by specifying linear equations for its faces, and these two
representation schemes can differ exponentially in size.

In each of these examples, we are fixing some representation scheme
— that is, a precise method for encoding concepts — and then examining

Probably Approximately Correct Learning 13

the size of the encoding for various concepts. Other natural representa-
tion schemes that the reader may be familiar with include decision trees
and neural networks. As with boolean formulae, in these representation
schemes there is an obvious mapping from the representation (a decision
tree or a neural network)} to the set or boolean function that is being
represented. There is also a natural measure of the size of a given repre-
sentation in the scheme (for instance, the number of nodes in the decision
tree or the number of weights in a neural network).

Since a PAC learning algorithm only sees examples of the functional
(that is, input-output) behavior of the target concept, it has absolutely
no information about which, if any, of the many possible representations
is actually being used to represent the target concept in reality. However,
it matters greatly which representation the algorithm chooses for its hy-
pothesis, since the time to write this representation down is obviously a
lower bound on the running time of the algorithm.

Formally speaking, a representation scheme for a concept class
C is a function R : ¥* — C, where X is a finite alphabet of symbols.
(In cases where we need to use real numbers to represent concepts, such
as axis-aligned rectangles, we allow R : (EUR)* — C.) We call any
string o € ¥* such that R(c) = ¢ a representation of ¢ (under R).
Note that there may be many representations of a concept ¢ under the
representation scheme R.

To capture the notion of representation size, we assume that associ-
ated with R there is a mapping size : &¥* — N that assigns a natural
number size(h) to each representation h € L*. Note that we allow size()
to be any such mapping; results obtained under a particular definition
for size(-) will be meaningful only if this definition is natural. Perhaps
the most realistic setting, however, is that in which ¥ = {0,1} (thus,
we have a binary encoding of concepts) and we define size(h) to be the
length of h in bits. (For representations using real numbers, it is often
natural to charge one unit of size for each real number.) Although we
will use other definitions of size when binary representations are inconve-
nient, our definition of size(-) will always be within a polynomial factor
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on the size of the target formula is the same as polynomial dependence
on 1.

1.3 Learning Boolean Conjunctions

We now give our second result in the PAC model, showing that con-
junctions of boolean literals are efficiently PAC learnable. Here.the
instance space is X, = {0,1}". Each a € X is interpreted as an assign-
ment to the n boolean variables z, ..., Zn, and we use the notation a; to
indicate the #th bit of a. Let the representation class C, be the cla‘ss of
all conjunctions of literals over z1,...,%n (a literal is either a variable
z; or its negation Z;). Thus the conjunction /.'\Tg A x4 Tepresents the
set {a € {0,1}* : a1 = Lya3 = 0,04 = 1}. It is n'atural to dgﬁne .the
gize of a conjunction to be the number of literals in that conjunction.
Then clearly size(c) < 2n for any conjunction ¢ € C.. (We also note
that a standard binary encoding of any conjunction ¢ € Cn has lengt.h
O(nlogn).) Thus for this problem, we seek an algorithm that runs In
time polynomial in n, 1/¢ and 1/6.

Theorem 1.2 The representation class of conjunciions of boolean liter-
als is efficiently PAC learnable.

Proof: The algorithm we propose begins with the hypothesis conjunc-
tion ~
h=xi ATy A NIy ATn.

Note that initially A has no satisfying assignments. The algorithm simply
ignores any negative examples returned by EX(c, D). Let {a,1) be a
positive example returned by EX (¢,D). In response to _su.ch a positive
example, our algorithm updates h as follows: for each i, if a; = 0,’ we
delete z; from h, and if a; = 1, we delete T; from k. Thus, our algorithm
deletes any literal that “contradicts” the positive data.
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For the analysis, note that the set of literals appearing in A at any
time always contains the set of literals appearing in the target concept
c. This is because we begin with A containing all literals, and a literal
is only deleted from h when it is set to 0 in a positive example; such a
literal clearly cannot appear in ¢. The fact that the literals of h always
include those of ¢ implies that k will never err on a negative example of
¢ (that is, h is more specific than ¢).

Thus, consider a literal z that occurs in A but not in ¢. Then z causes
h to err only on those positive examples of ¢ in which # = 0; also note
that it is exactly such positive examples that would have caused our

algorithm to delete z from h. Let p(z) denote the total probability of
such instances under the distribution D, that is,

p(2) = Procple(e) =1 A zis 0in a].

Since every error of h can be “blamed” on at least one literal z of A, by
the union bound we have error(h} < 3,c, p(2). We say that a literal
is bad if p(z) > ¢/2n. If h contains no bad literals, then error{h) <

Y.enP(2) < 2n(e/2n) = e. We now upper bound the probability that a
bad literal will appear in h.

For any fized bad literal z, the probability that this lteral is not
deleted from % after m calls of our algorithm to EX(c, D) is at most
(1 — ¢/2n)™, because the probability the literal z is deleted by a single
call to EX (¢, D) is p(2) (which is at least ¢/2n for a bad literal). From
this we may conclude that the probability that there is some bad literal
that is not deleted from h after m calls is at most 2n(1 — €¢/2n)™, where
we have used the union bound over the 2n possible literals.

Thus to complete our analysis we simply need to solve for the value
of m satisfying 2n(1 — ¢/2n)™ < §, where 1 — § is the desired confi-
dence. Using the inequality 1 — z < e7%, it suffices to pick m such that
2ne~™/ < § which yields m > (2n/€)(In(2n) + In(1/8)).

Thus, if our algorithm takes at least this number of examples, then
with probability at least 1 — & the resulting corjunction A will have error.



18 Chapter 1

at most € with respect to ¢ and D. Since the algorithm takes linear time to
process each example, the running time is bounded by mn, and hence is
bounded by a polynomial in 7, 1 /e and 1 /6, as required. ((Theorem 1.2)

1.4 Intractability of Learning 3-Term
DNF Formulae

We next show that a slight generalization of the representation class of
boolean conjunctions results in an intractable PAC learning problem.
More precisely, we show that the class of disjunctions of three boolean
conjunctions (known as 3-term disjunctive normal form (DNF) for-
mulae) is not efficiently PAC learnable unless every problem in NP can
be efficiently solved in a worst-case sense by a randomized algorithm —
that is, unless for every language A in NP there is a randomized algo-
rithm taking as input any string o and a parameter § € [0,1]; and that

_ with probability at least 1 — 6 correctly determines whether « € Ain
time polynomial in the length of « and 1/6. The probability here is
taken only with respect to the coin flips of the randomized algorithm. In
technical language, our hardness result for 3-term DNF is based on the
widely believed assumption that RP # NP.

The representation class C, of 3-term DNF formulae is the set of all
disjunctions Ty VT5 VT3, where each 7} is a conjunction of literals over the
boolean variables Z1, ..., 2. We define the size of such a representation
to be sum of the number of literals appearing in each term (which is
always bounded by a fixed polynomial in the length of the bit string
needed to represent the 3-term DNF in a standard encoding).  Then
size(c) < 6n for any concept ¢ € C, because there are at most 2n literals
in each of the three terms. Thus, an efficient learning algorithm for this
problem is required to run in time polynomial in n, 1/¢ and 1 /6.

Theorem 1.3 If RP # NP, the representation class of 3-term DNF
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formulae is not efficiently PAC learnable.

Proof: The high-level idea of the proof is to reduce an NP-complete
language A (to be specified shortly) to the problem of PAC learning 3-
term DNF formulae. More precisely, the reduction will efficiently map
any string «, for which we wish to determine membership in A4, to a
set S, of labeled examples. The cardinality |S,| will be bounded’ by a
polyx}omial in the string length ||, We will show that given a PAC
learning algorithm 7 for 3-term DNF formulae, we can run L on S,, in a

manner to be described, to determine (with high probability) if & belongs
to A or not.

‘ The key 'property we desire of the mapping of @ to S, is that « € A
if and only if S, is consistent with some concept ¢ € C. The notion
otf a(,i -concept being consistent with a sample will recur frequently in our
studies.

Definition 3 Let S = {{z1,b1),..., (ZTm,bm)} be any labeled set of in-
stances, where each z; € X and each b; € {0,1}. Let ¢ be a concept
over 'X . The_p we say that ¢ is consistent with S (or equivalently, S is
consistent with ¢) if for all 1 <i < m, e{x;) = b;. ,

Be?fore detailing our choice for the NP-complete language A and the
mapping of o to S,, just suppose for now that we have managed to
arrange things so that o € A if and only if S, is consistent with some
concept in C. We now show how a PAC learning algorithm L for C can
be used to determine if there exists a concept in C that is consistent with
Sa (and thus whether o € A) with high probability. This is achieved by
the following general method: we set the error parameter e = 1/(2|S,])
(where |S,| denotes the number of labeled pairs in S, ), and answer eao::h
request of L for a random labeled example by choosing a pair {(z;, b;)
umf(?rmly at random from S,. Note that if there is a concept ¢ Eé zC
consistent with S,, then this simulation emulates the oracle EX (¢, D)
where D is uniform over the (multiset of) instances appearing in Sc:. 11;
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this case, by our choice of €, we have guaranteed that any hypothesis h
with error less that e must in fact be consistent with Sg, for if h errs on
even a single example in S,, its error with respect to ¢ and D is at least
1/|S4| = 2¢ > . On the other hand, if there is no concept in C consistent
with S,, L cannot possibly find one. Thus we can simply check the
output of L for consistency with S, to determine with confidence 1 — 6
if there exists a consistent concept in C.

Combined with the assumed mapping of a string o to a set S, We
thus can determine (with probability at least 1 — &) the membership of
o in A by simulating the PAC learning algorithm on S.. This general
method of using a PAC learning algorithm to determine the existence of
a concept that is consistent with a labeled sample is quite common in
the computational learning theory literature, and the main effort comes
in choosing the right NP-complete language A, and finding the desired
mapping from instances o of A to sets of labeled examples S,, which we
now undertake.

To demonstrate the intractability of learning 3-term DNF formulae,
the NP-complete language A that we shall use is Graph 3-Coloring:

The Graph 3-Coloring Problem. Given as input an undirected graph
G = (V,E) with vertex set V = {1,...,n} and edge set ECVxV,
determine if there is an assignment of a color to each element of V such
that at most 3 different colors are used, and for every edge (i,7) € E,
vertex i and vertex j are assigned different colors.

We now describe the desired mapping from an instance G = (V,E)
of Graph 3-Coloring to a set Sg of labeled examples. Sg will consist of a
set S¢ of positively labeled examples and a set Sg of negatively labeled
examples, so Sg = S U S;. Foreach 1 < i < n, S will contain the
labeled example {u(i), 1), where v(z) € {0,1}" is the vector with a 0 in the
ith position and 1’s everywhere else. These examples intuitively encode
the vertices of G. For each edge (i,7) € F, the set Sg will contain the
labeled example (e(i, §),0), where e(3, j) € {0,1}" is the vector with 0’s
in the ith and jth positions, and 1’s everywhere else. Figure 1.5 shows
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+ -

Sa S;
<011111,1> <001111,0>
101111,1> <011011,0>
110111,1> <011101,0>
111011,1> <100111,0>
111101,1> <101110,0>
111110, 1> <110110,0>
<111100,0>

TR=X2AX3AX4AX5
TB=X1I\X3AX6

TY=X1AX2AX4AX5AX6

Figure 1.5: A graph G with a legal 3-coloring, the associated sample, and
the terms defined by the coloring.

an example of a graph G along with the resulting sets S and S;. The

figure also shows a legal 3-coloring of G, with R, B and Y denoting red
blue and yellow. ’

We now argue that G is 3-colorable if and only if Sg is consistent
with some 3-term DNF formula. First, suppose G is 3-colorable and fix a
3-coloring of G. Let R be the set of all vertices colored red, and let Ty be
the conjunction of all variables in z, ..., z, whose index does not appear
in R (see Figure 1.5). Then for each i € R, v(7) must satisfy Tx because
the variable z; does not appear in Tg. Furthermore, no e(4,7) € Sg can
satisfy Tp because since both ¢ and j cannot be colored red, one of z;
and z; must appear in Tg. We can define terms that are satisfied by
the non-blue and non-yellow v{%) in a similar fashion, with no negative
examples being accepted by any term.

For the other direction, suppose that the formula TR V T V Ty is
fzonsistent with Sg. Define a coloring of G as follows: the color of vertex i
is red if v(9) satisfies Tg, blue if v(7) satisfies Tz, and yellow if v(4) satisfies
Ty (we break ties arbitrarily if v(:) satisfies more than one term). Since
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the formula is consistent with Sg, every v(4) must satisfy some term, and
so every vertex must be assigned a color by this process. We now argue
that it is a legal 3-coloring. To see this, note that if 4 and 7 (¢ 75 j) are
assigned the same color (say red), then both v(i) and w(j) satisfy T.
Since the ith bit of v(i) is 0 and the ith bit of »(j) is 1, it follows that
neither z; nor 7; can appear in Tg. Since v(j) and e(3, j) differ only in
their 4th bits, if v(7) satisfies T then so does (i, ), implying e(¢, ) & Sg
and hence (i,7) € E. O(Theorem 1.3)

Thus, we see that 3-term DNF formulae are not efficiently PAC learn-
able under the assumption that NP-complete problems cannot be solved
with high probability by a probabilistic polynomial-time algorithm (tech-
nically, under the assumption RP # NP). With some more elaborate
technical gymnastics, the same statement can in fact be made for 2-term
DNF formulae, and for k-term DNF formulae for any constant k>2.

However, note that our reduction relied critically on our demand in
the definition of PAC learning that the learning algorithm output a hy-
pothesis from the same representation class from which the target for-
yula is drawn — we used each term of the hypothesis 3-term formula to
define a color class in the graph. In the next section we shall see that
this demand is in fact necessary for this intractability result, since its
removal permits an efficient learning algorithm for this same clags. This
will motivate our final modification of the definition of PAC learning.

1.5 Using 3-CNF Formulae to Avoid
Intractability

We conclude this chapter by showing that if we allow the learning algo-
rithm to output a more expressive hypothesis representation, then the
class of 3-term DNF formulae ¢s efficiently PAC learnable. In combi-
nation with Theorem 1.3, this motivates our final modification to the
definition of PAC learning.
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We can use the fact that for boolean algebra, V distributes over A
(that is, (u Av) V(wAz) = (uVw)A{uvVz)A{vVw) A{vvz) for
boolean variables u, v, w,z) to represent any 3-term DNF formula over

T1,...,Tn by an equivalent conjunctive normal form (CNF) formulae over
T1,...,Zn in which each clause contains at most 3 literals (we will call
such formulae 3-CNF formulae):

VL VT = N (uVoVvuw).

WET weT,weTy

Here the conjunction is over all clauses choosing one literal from each
term.

We can reduce the problem of PAC learning 3-CNF formulae to the
problem of PAC learning conjunctions, for which we already have an
efficient algorithm. The high-level idea is as follows: given an oracle
for random examples of an unknown 3-CNF formula, there is a simple
and efficient method by which we can transform each positive or negative
example into a corresponding positive or negative example of an unknown
conjunction {over a larger set of variables). We then give the transformed
examples to the learning algorithm for conjunctions that we have already
described in Section 1.3. The hypothesis output by the learning algorithm
for conjunctions can then be transformed into a good hypothesis for the
unknown 3-CNF formula.

To describe the desired transformation of examples, we regard a 3-
CNF formula as a conjunction over a new and larger variable set. For
every triple of literals u,v,w over the original variable set zy,...,z,,
the new variable set contains a variable y, , ., whose value is defined by
Yuww = VvV w. Note that when u = v = w, then y, ., = u, so all
of the original variables are present in the new set. Also, note that the
number of new variables ¥, is (2n)% = O(n?).

Thus for any assignment ¢ € {0, 1}" to the original variables z1, . .., Zn,
we can in time O(n®) compute the corresponding assignment o’ to the
new variables {y,y4}. Furthermore, it should be clear that any 3-CNF
formula ¢ over 21, ..., z, is equivalent to a simple conjunction ¢’ over the
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new variables (just replace any clause (wVvVuw) by. an occurrence of
the new variable #fy4). 1hUS, We Can run our algorithm for conjunc-
tions from Section 1.3, expanding each assignment 10 Z1,...,%n that is
a positive example of the unknown 3-CNF formula into an as'signment
for the 1/, v, and giving this expanded assignment to the algorithm as a
positive example of an unknown conjunction over the 3y 4,0 We can then
convert the resulting hypothesis conjunction &' over the Yuuuw back.to a
3-CNF # in the obvious way, by expanding an occurrence of the variable

Yy tO the clause (uVeVw).

Formally, we must argue that if ¢ and D are the target 3-CNF f.or-
mula and distribution over {0,1}", and ¢ and D' are the cor‘respondmg;
conjunction over the g, and induced distribution over as&:gnment? o
t0 the Yy v w, then if A’ has error less than € with respect to c.a,nd D' h
has errorl less than € with respect to ¢ and D. This is most easily seen by
noting that our transformation of instances is one—.to—one: if Ial is mapped
to @} and ap is mapped to aj, then a; # 0y implies ] # ay. Thus .each
vector @' on which k' differs from ¢ has a unique preimage a on which {L
differs from ¢, and the weight of a under D is exactly that of o’ under D',

" Tt is worth noting, however, that our reduction is exploiting the fact that

our conjunctions learning algorithm works for any distribution D, as_the
distribution is “distorted” by the transformation. For example, even if D
was the uniform distribution over {0,1}", D' would not be uniform over
the transformed assignments a’,

We have just given an example of a reduction between -two 1faarn—
ing problems. A general notion of reducibility in PAC learning will be
formalized and studied in Chapter 7.

We have proven:

Theorem 1.4 The representation class of 3-CNF formulae is efficiently
PAC learnable.

Thus, because we have already shown that any 3-term DNF formula
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can be written as a 3-CNF formula, we can PAC learn 3-term DNF for-
mulae if we allow the hypothesis to be represented as a 3-CNF formula,
but not if we insist that it be represented as a 3-term DNF formula!
The same statement holds for any constant k& > 2 for k-term DNF for-
mulae and A-CNF formulae. This demonstrates an important principle
that often appears in learning theory: even for a fixed concept class from
which target concepts are chosen, the choice of hypothesis representation
can sometimes mean the difference between efficient algorithms and in-
tractability. The specific cause of intractability here is worth noting: the
problem of just predicting the classification of new examples of a 3-term
DNF formula is tractable (we can use a 3-CNF formula for this purpose),

but expressing the prediction rule in a particular form (namely, 3-term
DNF formulae) is hard.

This state of affairs motivates us to generalize our basic definition
one more time, to allow the learning algorithm to use a more expressive

* hypothesis representation than is strictly required to represent the tar-

get concept. After all, we would not have wanted to close the book on
the learnability of 3-term DNF formulae after our initial intractability
result just because we were constrained by an artificial definition that
insisted that learning algorithms use some particular hypothesis repre-
sentation. Thus our final modification to the definition of PAC learning

lets the hypothesis representation used be a parameter of the PAC learn-
ing problem.

Definition 4 (The PAC Model, Final Definition) If C is a concept class
over X and H is a representation class over X, we will say that C is
(efficiently) PAC learnable using H if our basic definition of PAC
learning (Definition 2) is met by an algorithm that is now allowed to
output a hypothesis from H. Here we are implicitly assuming that H is
at least as expressive as C, and so there is a representation in H of every
function in C. We will refer to H as the hypothesis class of the PAC
learning algorithm.

While for the reasons already discussed we do not want to place un-
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necessary restrictions on H, neither do we want to leave H entirely uncon-
strained. In particular, it would be senseless to study a model of learning
in which the learning algorithm is constrained to run in polynomial time,
but the hypotheses output by this learning algorithm could not even be
evaluated in polynomial time. This motivates the following definition.

Definition 5 We say that the representation class ‘H is polynomially
evaluatable if there is an algorithm that on input eny instance T € Xn
and any representation h € Hy, outputs the value h{z) in time polynomial
in n and size(h).

Throughout our study, we will always be implicitly assuming that
PAC learning algorithms use polynomially evaluatable hypothesis classes.
Using our new language, our original definition was for PAC learning C us-
ing C, and now we shall simply say that C is efficiently PAC learnable
to mean that C is efficiently PAC learnable using H for some polynomially
evaluatable hypothesis class H.

The main results of this chapter are summarized in our new language
by the following theorem.

Theorem 1.5 The representation class of I-term DNF formulae (con-
junctions) is efficiently PAC learnable using 1-term DNF formulae. For
any constant k > 2, the representation class of k-term DNF formu-
lae is not efficiently PAC learnable using k-term DNF formulae (unless
RP = NP), but is efficiently PAC learnable using k-CNF formulae.

1.6 Exercises

1.1. Generalize the algorithm for the rectangle learning game to prove
that if C,, is the class of all axis-aligned hyperrectangles in n-dimensional
Euclidean space R*, then C is efficiently PAC learnable.
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1.2. Let f(-) be an integer-valued function, and assume that there does
not exist a randomized algorithm taking as input a graph G and a pa-
rameter 0 < § < 1 that runs in time polynomial in 1/8 and the size of
(A, and that with probability at least 1 — ¢ outputs “no” if G is not k-
colorable and outputs an f(k)-coloring of G otherwise. Then show that
for some k > 3, k-term DNF formulae are not efficiently PAC learnable
using f(k)-term DNF formulae.

1.3. Consider the following two-oracle variant of the PAC model: when
¢ € C is the target concept, there are separate and arbitrary distributions
DT over only the positive examples of ¢ and D over only the negative
examples of c¢. The learning algorithm now has access to two oracles
EX(c,D}) and EX(c,D,) that return a random positive example or
a rar.tdom negative example in unit time. For error parameter e, the
learning algorithm must find a hypothesis satisfying Pr p+[h(z) = 0] <
¢ and Pr_.p-[R(z) = 1] < e Thus, the learning algorithm may now
explicitly request either a positive or negative example, but must find a
hypothesis with small error on both distributions. '

Let C be any concept class and H be any hypothesis class. Let hy
and h; be representations of the identically 0 and identically 1 functions
.regpectively. Prove that C is efficiently PAC learnable using A in the,a
original one-oracle model if and only if C is efficiently PAC learnable
using H U {hg, h1} in the two-oracle model.

1.4. Let C be any concept class and H be any hypothesis class. Let hg
and h; be representations of the identically 0 and identically 1 functions
respectively. Show that if there is a randomized algorithm for eﬂicientl);
PAC learning € using H, then there is a deterministic algorithm for
efficiently PAC learning C using H U {hg, h1}

1.5. In Definition 2, we modified the PAC model to allow the learning
al_gorithm time polynomial in n and size(c), and also provided the value
size(c) as input. Prove that this input is actually unnecessary: if there is
an efficient PAC learning algorithm for C that is given size(c) as input,
then there is an efficient PAC learning algorithm for € that is not given
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this input.

1.7 Bibliographic Notes

The PAC model was defined in the seminal paper of L.G. Valiant [92],
and was elaborated upon in his two subsequent papers [91, 93]. Much
of this book is devoted to results in this probabilistic model. Papers by
Haussler [45, 46, 47, 44] and Kearns, Li, Pitt and Valiant [59] describe
some results in the PAC model from an artificial intelligence perspective.

In addition to defining the model, Valiant’s original paper [92] pro-
posed and analyzed the algorithm for PAC learning boolean conjunctions
that we presented in Section 1.3. The informal rectangle game which
began our study was formally analyzed in the PAC model in another im-
portant paper due to Blumer, Ehrenfeucht, Haussler and Warmuth [22],
whose main results are the topic of Chapter 3.

The importance of hypothesis representation was first explored by
Pitt and Valiant [71]. They showed that k-term DNF is not efficiently
PAC learnable using a hypothesis class of k-term DNF, but is efficiently
PAC learnable using k-CNF. The general techniques we outlined in Sec-
tion 1.4 have been used to obtain representation-dependent hardness the-
orems for many classes, including various neural network architectures
(Blum and Rivest (16, 20), Judd [53]). Intractability results for PAC
learning neural networks that do not rely on hypothesis class restrictions
will be given in Chapter 6. The earliest intractability results {or learning
that can be translated into the PAC model are those for deterministic
finite automata due to Gold [40], who showed that the problem of find-
ing the smallest finite state machine consistent with a labeled sample is
NP-hard. This result was dramatically improved to obtain a hardness
result for even approximating the smallest machine by Pitt and War-
muth [72]. In Chapter 6 we shall give even stronger hardness results for
PAC learning finite automata.
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Since Valiant introduced the PAC model, there have been a dizzy-
ing number of extensions and variants proposed in the computational
learning theory. Some of these variants leave what is efficiently learn-
able essentially unchanged, and were introduced primarily for technical
convenience. Others are explicitly designed to change the PAC model
in a significant way, for example by providing the learner with more
power or a weaker learning criterion. Later we shall study some of these
variants. The paper of Haussler, Kearns, Littlestone and Warmuth [49]
contains many theorems giving equivalences and relationships between
some of the different models in the literature. For instance, the solutions
to Exercises 1.3, 1.4 and 1.5 are contained in this paper. Exercise 1.1

is from the Blumer et al. paper {22], and Exercise 1.2 is from Pitt and
Valiant [71].
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Occam’s Razor

The PAC model introduced in Chapter 1 defined learning directly in
terms of the predictive power of the hypothesis output by the learning
algorithm. It was possible to apply this measure of success to a learning
algorithm because we made the assumption that the instances are drawn
independently from a fized probability distribution D, and then measured
predictive power with respect to this same distribution.

In this chapter, we consider a rather different definition of learning
that makes no assumptions about how the instances in a labeled sample
are chosen. (We still assume that the labels are generated by a target
concept chosen from a known class.) Instead of measuring the predictive
power of a hypothesis, the new definition judges the hypothesis by how
succinctly it explains the observed data (a labeled sample}). The crucial
difference between PAC learning and the new definition is that in PAC
learning, the random sample drawn by the learning algorithm is intended
only as an aid for reaching an accurate model of some external process
(the target concept and distribution), while in the new definition we are
concerned only with the fixed sample before us, and not any external
process.

This new definition will be called Occam learning, because it for-
malizes a principle that was first expounded by the theologian William
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of Occam, and which has since become a central doctrine of scientific
methodology. The principle is often referred to as Occam’s Razor to in-
dicate that overly complex scientific theories should be subjected to a

simplifying knife.

If we equate “simplicity” with representational succinctness, then an-
other way to interpret Occam’s principle is that learning is the act of
finding a pattern in the observed data that facilitates a compact repre-
sentation or compression of this data. In our simple concept learning
setting, succinctness is measured by the size of the representation of the
hypothesis concept. Equivalently, we can measure succinctness by the
cardinality of the hypothesis class used by the algorithm, for if this class
is small then a typical hypothesis from the class can be represented by
a short binary string, and if this class is large then a typical hypothesis
must be represented by a long string. Thus an algorithm is an Occam
algorithm if it finds a short hypothesis consistent with the observed data.

Despite its long and illustrious history in the philosophy of science
and its extreme generality, there is something unsatisfying about the
notion of an Qccam algorithm. After all, the primary goal of science
(or more generally, of the learning process) is to formulate theories that
accurately predict future observations, not just to succinctly represent
past observations. In this chapter, we will prove that when restricted to
the probabilistic setting of the PAC model, Occam algorithms do indeed
have predictive power. This provides a formal justification of the Occam
principle, albeit in a restricted setting.

Thus, under appropriate conditions, any algorithm that always finds
a succinct hypothesis that is consistent with a given input sample is
automatically a PAC learning algorithm. In addition te the philosophical
interpretation we have just discussed, this reduction of PAC learning
to Occam learning provides a new method of designing PAC learning
algorithms.
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2.1 Occam Learning and Succinctness

Asin Chapter 1, let X = Un>1Xp be the instance space, let € = UpiC
be the target concept class, and let H = U,s1H, be, the hypozﬂési:
representation class. In this chapter we will a?ssume, unless explicitly
sFated otherwise, that the hypothesis representation scheme of H uses a
binary alphabet, and we define size(h) to be the length of the bit string

h. Also, recall that for a concept ¢ € C, size(c) denotes the size of the
smallest representation of ¢ in H.

.Let c .E Cn denote the target concept. A labeled sample S of cardi-
nality m is a set of pairs:

§= {<$1: c(xl))! K (xm: C(.’L'm))}

An Occam algorithm L takes as input a labeled sample S, and outputs

~ a “short” hypothesis h that is consistent with S. By consistent we mean

that h(z;) = c(z;) for each ¢, and by “short” we mean that size(h) is a

sufficiently slowly growing function of n, size(c) and m. This i )
. , _ P
in the following definition. (© is is formalized

Definition 6 .Let a2 0and 0 < B <1 be constants. L is an (a, §)-
Occam algorlthm for C using H if on input a sample S of cardinality
m labeled according to ¢ € C,, L outputs a hypothesis h € H such that:
e h is consistent with S.
o size(h) < (n- size(c))*m?®.

We say that L is an efficient (o, 8)-Occam algorithm if its running time
ts bounded by a polynomial in n, m and size(c).

: In what sense is the output & of an Occam algorithm succinct? First
et us assume that m >> n, so that the above bound can be effectively
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simplified to size(h) < mP for some 3 < 1. Since the hypothesis h is
consistent with the sample S, h allows us to reconstruct the m labels
e(z1) = h(z1), .- {am) = h(xm) given only the unlabeled sequence of
instances Ty,...,Tm. Thus the m bits (1), ..., c(@m) have been effec-
tively compressed into a much shorter string A of length at most mP.
Note that the requirement § < 1 is quite weak, since a consistent hy-
pothesis of length O(mn) can always be achieved by simply storing the
sample S in a table (at a cost of n+1 bits per labeled example) and
giving an arbitrary (say negative) answer for instances that are not in
the table. We would certainly not expect such a hypothesis to have any

predictive power.

Let us also observe that even in the case m << n, the shortest con-
sistent hypothesis in H may in fact be the target concept, and so we
must allow size(h) to depend at least linearly on size(c). The definition
of succinctness above is considerably more liberal than this in terms of
the allowed dependence on n, and also allows a generous dependence on
the number of examples m. We will see cases where this makes it easier
to efficiently find a consistent hypothesis — by contrast, computing the
shortest hypothesis consistent with the data is often a computationally

hard problem.

The next theorem, which is the main result of this chapter, states that
any efficient Occam algorithm is also an efficient PAC learning algorithm.

Theorem 2.1 (Occam’s Razor) Let L be an efficient (o, B)-Occam al-
gorithm for C using H. Let D be the target distribution over the instance
space X, let ¢ € Cy, be the target concept, and 0 <, 5 < 1. Then there s
a constant a > 0 such that if L is given as input o random sample S of

m ezamples drawn from EX(c, D), where m satisfies

e (e (22797

then with probability of least 1 — & the output h of L satisfies error(h) < €.
Moreover, L runs in time polynomial in n, size(c), 1/€ and 1/8.

Occam’s Razor .

t ‘Ni;)t%ce tha’? as ( tends to 1, the exponent in the bound for m tends
o infinity. This corresponds with our intuition that as the length of the

hypothesis approaches that of th i
; e data itself, the predicti
hypothesis is diminishing. predictive power of the

. For the applications we give later, it turns out to be most conwv
?nent .to state and prove Theorem 2.1 in a slightly more general fornel_
in which we measure representational succinctness by the cardinalit o%
the hypothesis class rather than by the bit length size(h). We then 30
Theo.rem 2.1 as a special case. To make this precise, let H, = U ’E{ -
Counsider a lea:rnir.lg algorithm for C using H that 01; inputna lab?liil S;;In;;
ple S of cardinality m outputs a hypothesis from H,,. The followin
theorem shows that if [H, r,| is small enough, then the ilypothesis out %
by L has small error with high confidence. o

- Theorem 2.2 (Occam’s Razor, Cardinality Version) Let C be a concept

class and H o representation class. Let L be an algorithm such that for
any n ond any ¢ € C,, f L is given as input a sample S of m labeled
ezamples of ¢, then L runs in time polynomial in n, m and size(c), and
outputs an h € H, o, that is consistent with S. Then there is a con’stant
b > 0 such that for any n, any distribution D over X,,, and any target
concept ¢ € Cy, if L 4s given as input a random sample f;"om EX (z D)g

m ezamples, where |Hy .| satisfies B

log |Hym| < bem — log%

(or equivalently, where m satisfies m > (1/be)(log|Ham| + log(1/8)))

then L is guaranteed to find a h ; .
ypothesis h € H, th oy
least 1 — ¢ obeys error(h) < e. at with probability at

N_ote that here we do not necessarily claim that L is an efficient PAC
lc'aarmng‘ algorithm. In order for the theorem to apply, we must (if
S}ble) pick m large enough so that bem dominates log iH | Moreolzrzs-
since the running time of L has a polynomial dependencengl ‘m, in orderl’:



Chapter 2
36

to assert that L is an efficient PAC algorithm, we also have %(11 boundzfrrlb
by some polynomial in 7, size(c), 1 /e and 1/6. The proof_of ;‘,OI’GIB’?} . |
relies on the fact that in the case of an (a, ﬂ)-Occ.:a,I.n algorithm, ogb ﬂ,,f,gr
grows only as m?P, and therefore given any ¢, this is smaller than bem

a small value of m.
We first give a proof of Theorem 2.2.

Proof: We say that a hypothesis b € Hp,m 18 bad if error(h) > ejc Whel."::a1
the error is of course measured with respect-to the target conflep c ;glm
and the target distribution D. Then by the 1ndepender'1ce of' the raPS o
examples, the probability that a fixed bad hypothesis h is fzonilmﬂst
with a randomly drawn sample of m exam.ples .from EX (c, D’) és :f;.{ :
(1 — €)™ Using the union bound, this implies that 1f"}.i < tn,mme
the set of all bad hypotheses in Hnm, then the probal?lhty t a;tsoost
hypothesis in H' is consistent with a random gample ’of size m is & rr;3t '
|H'|(1 — €)™. We want this to be at most 8; sn;ce [H'| < \’Hml,nt ':gtims
stronger condition if we solve for |Hp (1 — €)™ < 6. Tafkmghogf it that,
we obtain log [Ham| < mlog(1/(1—¢€)) — log(1/6). Using the fa

| = tatement of the theorem.
log(1/(1 — €)) = ©(¢), we get the sta o heorem 2.2)

We now prove Theorem 2.1:

Proof: Let H,,, denote the set of all pos_sible hypothesis represen—
tations that the (@, 3)-Occam algorithm L m1.ght 0u15put when gl(;enaai
input a labeled sample S of ca.rdinalitj.z m. Since L is an (a', ﬁ)—))gfm z
algorithm, every such hypothesis has ‘tllt ;ength at most (n - szzkel(c ) ug
thus implying that |Hpml < glwsize(c)*m” By Theorem 2.2, tde outp
of I has error at most e with confidence at least 1 — 6 provide

1
log [Ham| < bem — log 5
Transposing, we want m such that

1 110 -1—
m > Elog\ﬁn,ml +3 log g
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The above condition can be satisfied by picking m such that both m >
(2/b¢) log |Hp,m| and m > (2/be) log(1/6) hold. Choosing a = 2/b yields
the statement of the theorem. O(Theorem 2.1)

2.2 Improving the Sample Size for
Learning Conjunctions

As an easy warm-up to some more interesting applications of Occam’s
Razor, we first return to the problem of PAC learning conjunctions of
boolean literals, and apply Theorem 2.2 to slightly improve the sam-
ple size bound (and therefore the running time bound) of the learning
algorithm we presented for this problem in Section 1.3.

Thus as in Section 1.3, we let X, = {0,1}". Each a € {0,1}" is
interpreted as an assignment to the n boolean variables zy,...,z,. Let
Cr. be the class of conjunctions of literals over z, ..., z,. Recall that our
learning algorithm started with a hypothesis that is the conjunction of all
the 2n literals. Given as input a set of m labeled examples, the algorithm
ignored negative examples, and on each positive example {a,1), the al-
gorithm deleted any literal z such that = 0 in a. Note that this ensures
that upon receiving the positive example a, the hypothesis is updated
to be consistent with this example. Furthermore, any future deletions
will not alter this consistency, since deletions can only increase the set
of positive examples of the hypothesis. Finally, recall that we already
argued in Section 1.3 that this algorithm never misclassifies any negative
example of the target conjunction ¢. Thus, if we run the algorithm on
an arbitrary sample S of labeled examples of some target conjunction, it
always outputs a hypothesis conjunction that is consistent with S, and
thus it is an Occam algorithm. Note that in this simple example, size(h)
(or equivalently, log M, m|) depends only on n and not on m or size(c).

Now the number of conjunctions over 1,...,z, is bounded by 3"
(each variable occurs positively or negatively or is absent entirely), so
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applying Theorem 2.2, we see that O((1/e) log(1/6) + n/e) examples are
sufficient to guarantee that the hypothesis output by the learning algo-
rithm has error less than ¢ with confidence at least 1 — §. This is an
improvement by a logarithmic factor over the bound given in Chapter 1.

2.3 Learning Conjunctions with Few
Relevant Variables

Despite the efficiency of our algorithm for PAC learning boolean con-
junctions, we can still imagine improvements. Let us define size{c) be
the number of literals appearing in the target conjunction ¢. Notice that
size(c) < m, but the size of the sample drawn by our learning algorithm
for conjunctions is proportional to n independent of how small size(c)
might be. In this section, we give a new algorithm that reduces the num-
' ber of examples to nearly size(c). It can be argued that it is often realistic
to assume that size(c) << m, since we typically describe an object by
describing only a few attributes out of a large list of potential attributes.

Even though we greatly improve the sample size for the case of small
size(c), we should point out that the running time of the new learning
algorithm still grows with n, since the instances are of length n, and the
algorithm must take enough time to read each instance. An interesting
feature of the new algorithm is that it makes use of the negative examples,
unlike our previous-algorithm for learning conjunctions.

In order to describe the new algorithm, we need to introduce a com-
binatorial problem and a well-known algorithm for its approximate solu-
tion. This approximation algorithm has many applications in computa-
tional learning theory.

The Set Cover Problem. Given as input a collection S of subsets of
U ={1,...,m}, find a subcollection 7 € § such that |7| is minimized,
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and the sets in 7T form a cover of U:

Ut=0
el

We assume, of course, that the entire collection & is itself a cover. For any

instancse S of the Set Cover Problem, we let opt(S) denote the number
of sets in a minimum cardinality cover.

Fi-nding an gptimal cover is a well-known NP-hard problem. However
there is an_eﬁiment greedy heuristic that is gnaranteed to find a cover ’R’
of cardinality at most O(opt{S)logm).

The greedy heuristic initializes R to be the empty collection. It first
addsto R tl.le set s* from & with the largest cardinality, and then 'updates
S by }"epla01ng each set s in § by s — s*. It then repeats the process of
choosing the remaining set of largest cardinality and updating S until all
the elements of {1,...,m} are covered by R.

T]:%e greedy heuristic is based on the following fact: let U* C U. Then
thfer(? is alwa?ys a set ¢ in S such that [t N U*| > [U*]/opt(S). To see why
this is true, just observe that I/* has a cover of size at most op#(S) (since

U does), and at least one of the sets in th i
, ¢ optimal cover must
1/0pt(S) fraction of U*. o

Let U; € U denote the set of elements sti ;
i s . still not covered after
of the greedy heuristic. Then ' Steps

Wiz | < U] - WI,TUE-‘% = |Uil (1 - ﬁgj) ‘

So by induction on

< (1~ optlw))im

ghoosing i > opt(S)logm suffices to drive this upper bound below 1.
hus all the elements of U are covered after the algorithm has chosen
0pt(S) log m sets.
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We now return to the problem of PAC learning conjunctions with few
relevant variables. We shall describe our new algorithm as an Occam
algorithm and apply Theorem 2.2 to obtain the required sample size
for PAC learning. Thus, given a sample S of m examples of a target
conjunction, the new Occam algorithm starts by applying our original
conjunctions algorithm — which uses only the positive examples — to
S in order to produce a hypothesis conjunction h. This conjunction will
have the property that it is consistent with S, since the old algorithm
was indeed an Occam algorithm. The new algorithm will then use the
negative examples in S to exclude several additional literals from A in
a manner described below, to compute a new hypothesis conjunction A/
containing at most size(c) logm of the literals appearing in ~. This new
smaller hypothesis will still be consistent with S, and so the sample size
bound for PAC learning can be derived from Theorem 2.2.

Recall that excluding literals from % does not affect consistency with
the positive examples in S, since the set of positive examples of h only
grows as we delete literals. However, the new algorithm has to carefully
choose which literals of A it excludes in order to ensure that the hypothesis
is still consistent with all the negative examples in S. To do this, we cast
the problem as an instance of the Set Cover Problem and apply the greedy
algorithm.

For each literal z appearing in h, we can identify a subset N, CS
of the negative examples in S with the property that inclusion of z in
the hypothesis conjunction is sufficient to guarantee consistency with N,.
The set N, is just those negative examples in (a,0) € S for which the
value of z is 0 in @. Thus, we can think of the inclusion of z in our
hypothesis conjunction as “covering” the set N, of negative examples. If
we have a collection of N, that covers all the negative examples of S, and
each z appears in h, then the conjunction h' of this collection will still
form a hypothesis consistent with S.

Our goal is thus reduced to covering the set of all negative exam-
ples in § with the minimum number of the sets N,. Applying the greedy
heuristic to this problem, and noting that among the literals of h, a cover
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o.f size(c) sets exists (since the literals that occur in the target conjunc-
tion must form a cover), we get a cover of size size(c)logm; in other
words, our hypothesis class H, ,, is the set of all conjunctions of at most
size(c) log m literals. Using the fact that a conjunction of £ literals over n
variables can be encoded using £log n bits, and setting £ = size(c) logm,
we get a bound of size(c)logmlogn on the number of bits needed to
represent our hypothesis, and thus |[Hm| < gsize(c)logmlogn A pply.
ing the condition m = Q((1/¢)log|Hnpm|) required by Theorem 2.2,
we obtain the constraint m > ¢;((1/€)size(c) logmlogn) for some con-
stant ¢, > 0. It is easily verified that this is satisfied provided m >
c1((1/€)size(c) log nlog(size(c)logn)). Thus, the overall sample size re-
quired by the new algorithm is

m> e (_i_ log % . size(c) log n{log size(c) + log log n)) .
€

Note that this bound has a slightly superlinear dependence on size(c),

but only an approximately logarithmic dependence on the total number
of variables n.

In fact, a slight modification of this algorithm that we shall now
sketch quite briefly gives a better bound. The basic idea behind the
modification is that rather than running the greedy cover heuristic until
the hypothesis covers all of the negative examples, we shall run it only
until the hypothesis misclassifies fewer than em/2 negative examples.
T%IUS, our resulting hypothesis will be almost but not quite consistent
with its input sample, where the degree of consistency is controlled by
the desired error bound e.

For the analysis, observe that now the halting condition for the greedy
heuristic is (1 — 1/size(c))'mmn < (¢/2)m instead of (1 — 1/size(c))im <
1 as before; here we are using the correspondence between opt(S) in
the covering problem and size(c) in the PAC learning problem. Thus
we halt with a hypothesis of i = size(c)log(2/¢) literals instead of 4 -

size(c)logm literals. This gi i inali
2”2856})1%(%/6) 1Ogn'r 8. This gives a smaller hypothesis class cardinality of
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Now we just need a lemma stating that the probability that a fixed
conjunction A such that error(h) > € is consistent with at least a fra,c—
tion 1 — ¢/2 of m random examples is bounded by some exponentially
decreasing function of m (that is, we need the analogue of the boun.d
(1 — €)™ on the probability that a hypothesis of error greater than e is
completely consistent with the sample). It turns out that we can sta.t.e a
bound of e~¥/16 on this probability, and this is discussed in the section
on Chernoff Bounds in the Appendix of Chapter 9. For our immediate
problem, given this bound we can now apply the same arguments as those
in the proof of Theorem 2.2, and by solving 2:%¢(c)1os(2/ logneg—em/16 < §
we obtain a sample size bound of

1. 1 size(c)log(2/e) logn)

> - -
m_cl(elog6+ p

2.4 Learning Decision Lists

Our final application of Occam learning is to an algorithm for PAC 1earp—
ing decision lists over the boolean variables z1, ..., Zn. A decision list
may be thought of as an ordered sequence of if-then-clse statements.
The sequence of conditions in the decision list are tested in order, and
the answer associated with the first satisfied condition is output.

Formally, a k-decision list over the boolean variables z1,..., 2 is
an ordered sequence L = (c1,by),. .., (¢, b) and a bit b, in which each ¢;
is a conjunction of at most k literals over 21, ..., %, and each b; € {0, 1}:
For any input a € {0,1}", the value L(a) is defined to be b, where j
is the smallest index satisfying c¢;(a) = 1; if no such index exists, then
L{a) = b. Thus, b is the “default” value in case a falls off the end of the
list. We call b; the bit associated with the condition ¢;. Figure 2.1 shows
an example of a 2-decision list along with its evaluation on a particular
input.

First let us consider the expressive power of k-decision lists. We
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List L

XiAXg ) Xy [ XoAXg B Xy AXg B Xy ANg - Xy AXg — 1

ooy ooy

0 1 1 0 1 0

f

L (011011) =1

Figure 2.1: A 2-decision list and the path followed by an input. Fvalua-
tion starts at the leftmost ttem and continues to the right until the first
condition is satisfied, at which point the binary value below becomes the
final result of the evaluation.

observe that if a concept ¢ can be represented as a k-decision list, then
so can —c (simply complement the values of the 4;). Clearly, any k-
DNF formula can be represented as a k-decision list of the same length
(choose an arbitrary order in which to evaluate the terms of the k-DNF,
setting all the b; to 1 and the default b to 0). Since k-decision lists are
closed under complementation, they can also represent k-CNF formulae.
Furthermore, in Exercise 2.1 we demonstrate that for each k£ there exist
functions that can be represented by a k-decision list, but not by either
a k-DNF or a k-CNF formula. Thus, k-decision lists strictly generalize
these classes.

Theorem 2.3 For any fivred k > 1, the representation class of k-decision
lists is efficiently PAC learnable.

Proof: We give an Occam algorithm and apply Theorem 2.2. We
present, the algorithm for 1-decision lists; the problem for general k& can
easily be reduced to this problem, exactly as the k-CNF PAC learning
problem was reduced to the problem of PAC learning conjunctions in
Chapter 1.
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Given an input sample S of m examples of some 1-decision list, our
Occam algorithm starts with the empty decision list as its hypothesis.
In each step, it finds some literal z such that the set S, C S, which we
define to be the set of examples (positive or negative) in which z in set
to 1, is both non-empty and has the property that it contains either only
positive examples of the target concept, or only negative examples. We
call such a z a useful literal. The algorithm then adds this literal (with the
associated bit 1 if S, contained only positive examples, and the associated
bit 0 if S, contained only negative examples) as the last condition in the
current hypothesis decision list, updates S to be S — S,, and iterates the
process until S = @ and therefore all examples are correctly classified by
the hypothesis decision list.

To prove that the algorithm always succeeds in finding a consistent
hypothesis, it suffices to show that it always succeeds in finding a useful
literal z at each step as long as S # 0. But this is true because the target
decision correctly classifies every element of S, and so the first condition
z in the target decision list such that S, is non-empty is a useful literal.

Since any decision list on n variables can be encoded in O(nlogn)
bits, we can apply Theorem 2.2 to obtain a sample size bound of m >
¢1((1/€)(log(1/6)+nlogn)) for PAC learning. Since the Occam algorithm
clearly runs in time polynomial in m, we have efficient PAC learning.

O(Theorem 2.3)

2.5 Exercises

2.1. Show that for each &, there exists a function that can be represented
as a k-decision list, but not by a k-CNF or k-DNF formula.

99, A decision tree is similar to a 1-decision list, except now we allow
the (single-literal) decision conditions to be placed in a binary tree, with
the decision bits placed only at the leaves. To evaluate such a tree T
on input ¢ € {0,1}", we simply follow the path through T defined by
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starting at the root of T and evaluating the literal at each node on input
a, going left if the evaluation yields 0 and right if it yields 1. The value
T(a) is the bit value stored at the leaf reached by this path. Figure 2.2
shows an example of a decision tree along with its evaluation on an input.

We define the rank of a decision tree T recursively as follows: the
rank of a tree consisting of a single node is 0. If the ranks of 7s left
subtrees and right subtrees are r; and rg respectively, then if r; = rp
the rank of T is ry +1; otherwise, it is max(rr,rg). The rank is a measure
of how “unbalanced” the tree is.

Compute the rank of the decision tree given in Figure 2.2, and show
jchat the class of functions computed by rank r decision trees is included
in the class of functions computed by r-decision lists. Thus, for any fixed
r we can efficiently PAC learn rank r decision trees.

2.3. Let C be any concept class. Show that if C is efficiently PAC learn-
able, then for some constants & > 1 and 8 < 1 there is an (o, ()-Occam
algor?thm for C. Hint: construct an appropriate simulation of the PAC
learning algorithm L in which the accuracy parameter depends on the
degree of the polynomial running time of L.

2‘.4. Recall that following our final definition of PAC learning (Defini-
tion 4), we emphasized the importance of restricting our attention to
PAC learning algorithms that use polynomially evaluatable hypothesis
cla.sses H (see Definition 5). Suppose that we consider relaxing this re-
striction, and let H be the class of all Turing machines (not necessarily
polynomial time) — thus, the output of the learning algorithm can be
any program. Show that if C, is the class of all boolean circuits of size
at most p(n) for some fixed polynomial p(-), then C is efficiently PAC
lee_';mrnable using H. Argue that your solution shows that this relaxation
trivializes the model of learning.
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Tree T

T(10010110) = 0

Figure 2.2: A decision tree and the path followed by an input.
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The notion of Occam learning as we have formalized it and our main
theorems stating that Occam learning implies PAC learning are due to
Blumer, Ehrenfeucht, Haussler and Warmuth [21]. There is a converse to
Theorem 2.1 which establishes that C is PAC learnable if and only if there
is an Occam algorithm for C. This was the topic of Exercise 2.3, whose
intended solution is due to Board and Pitt [23]. A considerably stronger
converse is a consequence of the equivalence between weak and strong
PAC learning due to Schapire {84, 85] (see also the work of Freund 35, 36
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and Helmbold and Warmuth [52]). We shall study this equivalence in
Chapter 4.

The predictive power of Occam algorithms continues to hold for sev-
eral variants of the PAC model and for more general notions of hypothesis
complexity. These include models for PAC learning in the presence of
various types of errors (Angluin and Laird [10], Kearns and Li {57, 55]),
learning probabilistic concepts (Kearns and Schapire [61, 85]), and func-
tion learning (Natarajan [70]). In Chapter 3 we will consider a very gen-
eral notion of hypothesis complexity, the Vapnik-Chervonenkis dimension
(Vapnik [94]; Blumer, Ehrenfeucht, Haussler and Warmuth [22]), and we
again prove the predictive power of algorithms finding a consistent hy-
pothesis with limited complexity. The predictive power of Occam algo-
rithms in a setting where the examples are not independent but obey a
Markovian constraint is examined by Aldous and Vagzirani [3].

The algorithm for learning conjunctions with few relevant literals
is due to Haussler [45], who also provides a lucid discussion of Occam
learning and inductive bias from the artificial intelligence perspective.
The analysis of the greedy set cover approximation algorithm is due to
Chvatal [26]. The modification of the covering algorithm to only nearly
cover the sample is due to M. Warmuth. The problem of learning when
there are many irrelevant variables present has also been carefully exam-
ined by Littlestone {65, 66] and Blum [17] in on-line models of learning.
The decision list learning algorithm is due to Rivest 78], and Exercise
2.2 18 due to A. Blum (see also the paper Ehrenfeucht and Haussler [32]).

Relationships between various measures of hypothesis complexity and
generalization ability have been proposed and examined in a a large and
fascinating literature that predates the PAC model results given here.
Two dominant theories along these lines are the structural risk mini-
mization of Vapnik [94] and the minimum description length principle
of Rissanen [77]. The papers of Quinlan and Rivest [75] and DeSantis,
Markowsky and Wegman [29] examine variants of the minimum descrip-
tion length principle from a computational learning theory viewpoint.
It has frequently been observed that the minimum description length
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criterion has a Bayesian interpretation in which representational lengifh
determines the prior distribution. This viewpoint is further explor.ed in
the paper of Evans, Rajagopalan and Vazirani [34], whe‘re the notion of
an Occam algorithm is generalized to arbitrary stochastic processes.

3

The Vapnik-Chervonenkis
Dimension

3.1 When Can Infinite Classes Be
Learned with a Finite Sample?

In this chapter, we consider the following question: How many random
examples does a learning algorithm need to draw before it has sufficient
information to learn an unknown target concept chosen from the concept
class C?7 We should emphasize that we will temporarily ignore issues
of computational efficiency while studying this question (or equivalently,
we assume that the learning algorithm has infinite computing power to
process the finite random sample it has drawn). We first note that the
results of the previous chapter can be used to give such a bound in the
case that C is a concept class of finite cardinality. If the learning algorithm
simply draws a random sample of O{(1/€)log(|C|/§)) examples, and finds
any h € C consistent with these examples (say, by exhaustive search),
then Theorem 2.2 guarantees that A will meet the PAC model criteria.
Notice that this bound is not meaningful if C has infinite cardinality.
Are there any non-trivial infinite concept classes that are learnable from
a finite sample?
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Actually, our PAC learning algorithm for axis-aligned rectangles in
the Euclidean plane given in Section 1.1 is an example of such a class.
In the analysis of that PAC learning algorithm, we made critical use of
the fact that axis-aligned rectangles have simple boundaries: the target
rectangle is always completely specified by four real numbers that indicate
the locations of the four bounding edges, and this allowed us to partition
the error of the tightest-fit hypothesis into four simple rectilinear regions.
Tt is tempting to say that the “complexity” of this concept class is four,
because the boundary of any concept in the class can be described by

four real numbers.

In this chapter, we are interested in a general measure of complexity
for concept classes of infinite cardinality. We would like this measure
to play the same role in the sample complexity of PAC learning infinite
classes that the quantity log!C| (which we saw in Chapter 2 was closely
related to the size of representations) plays in the sample complexity
of PAC learning finite classes. We will define a purely combinatorial
measure of concept class complexity known as the Vapnik-Chervonenkis
dimension, a measure that assigns to each concept class C a single number
that characterizes the sample size needed to PAC learn C.

3.2 The Vapnik-Chervonenkis Dimension

For the remainder of this chapter, C will be a concept class over instance
space X, and both € and X may be infinite. The first thing we will need
is a way to discuss the behavior of C when attention is restricted to a

finite set of points S C X.

Definition 7 For any concept class C over X, and any S C X,

Tig(S)={cnS:ceC}.

The Vapnik-Chervonenkis Dimension 51

Equivalently, if S = {z; Zm} then we can think of TIe(S
2 yeees ¢ as the set
of vectors I1e(S) C {0, 1} defined by )

e(S) = {(c(@1), ..., o{am) : € C}.

Thug, Ic(S) is the set of all the behaviors or dichotomies on S that
are _mduged or realized by C. We will use the descriptions of II¢(S) as
a collection of subsets of S and as a set of vectors interchangeably.

Deﬁnition 8 IfIIc(S) = {0,1}™ (where m = |S|), then we say that S
is shattered by C. Thus, S is shattered by C if C realizes all possible
dichotomies of S. |

Now we are ready for our key definition.

Definition 9 The Vapnik-Chervonenkis (VC) dimension of C, de-
noted as VCD (C), ts the cardinality d of the largest set S shattered by C.
If arbitrarily large finite sets can be shattered by C, then VOD(C) = co.

3.3 Examples of the VC Dimension

Let us consider a few natural geometric concept classes, and informally
calculate their VC dimension. It is important to emphasize the nature of
jche existential and universal quantifiers in the definition of VC dimension:
in order to show that the VC dimension of a class is at least d, we must
31.mp1y find some shattered set of size d. In order to show that the VC
dimension is at most d, we must show that no set of size d+1 is shattered.
For this reason, proving upper bounds on the VC dimension is usually
considerably more difficult than proving lower bounds. The following
examples are not meant to be precise proofs of the stated bounds on
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Figure 3.1: A dichotomy unrealizable by intervals.

the VC dimension, but are simply illustrative exercises to provide some
practice thinking about the VC dimension.

Intervals of the real line. For this concept class, any set of two
points can be shattered, so the VC Dimension is at least two, but no
set of three points can be shattered: label the three points as shown in
Figure 3.1, a labeling which cannot be induced by any interval. Thus the
VC dimension for this class is two.

Linear halfspaces in the plane. For this concept class, any three
points that are not collinear can be shattered. Figure 3.2(a) shows how
one dichotomy out of the possible 8 dichotomies can be realized by a
halfspace; the reader can easily verify that the remaining 7 dichotomies
can be realized by halfspaces. To see that no set of four points can
be shattered, we consider two cases. In the first case (shown in Figure
3.2(b)), all four points lie on the convex hull defined by the four points. In
this case, if we label one “diagonal” pair positive and the other “diagonal”
pair negative as shown in Figure 3.2(b), no halfspace can induce this
labeling. In the second case (shown in Figure 3.2(c)), three of the four
points define the convex hull of the four points, and if we label the interior
point negative and the hull points positive, again no halfspace can induce
the dichotomy. Thus the VC dimension here is three. In general, for
halfspaces in R¢, the VC dimension is d + 1.

Axis-aligned rectangles in the plane. For this concept class, we
can shatter the four points shown in Figure 3.3(a), where we have again
indicated how a single dichotomy can be realized and left the remainder
to the reader. However, not all sets of four points can be shattered, as
indicated by the unrealizable dichotomy shown in Figure 3.3(b). Still, the
existence of a single shattered set of size four is sufficient to lower bound
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Figure 3.2:. (a) A dichotomy and its realization by a halfspace, with the
shgded region indicating the positive side. (b) and (¢} Dichotomies unre-
alizable by halfspaces.
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Figure 3.3: (a) A dichotomy and its realization by an azis-aligned rect-
angle. (b) and (c) Dichotomies unrealizable by azis-aligned rectangles.

the VC dimension. Now for any set of five points in the plane, there
Im%st be some point that is neither the extreme left, right, top or bottom
point of the five (see Figure 3.3(c)). If we label this non-extremal point
negative and the remaining four extremal point positive, no rectangle can
realize the dichotomy. Thus the VC dimension is four.
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Figure 3.4: (a) Realizing a dichotomy with a polg_;gon when there are fewer
positive labels. (b) When there are fewer negative labels.

Convex polygons in the plane. For convex d-gons in- the plane,
the VC dimension is 2d + 1. For the lower bound, we can m(.iu-;:e 1imy
labeling of any 2d + 1 points on a circle using a d-gon as fqllwas. i tt ere
are more negative labels than positive labels, use the positive poin stzs
the vertices as shown in Figure 3.4(a). Otherwise, use tangents 1;0 de
negative points as edges as shown in Figure 3.4'(b). For “f,he upper t oufn é
it can be shown that choosing the points to lie on a circle does mf ac
maximize the number of points that can be shattered, a_.nd we can orcg
d + 1 sides using 2d + 2 points on a circle by alternating positive an

negative labels.

3.4 A Polynomial Bound on |I¢(S)]

Definition 10 For any natural number m we define

Ie(m) = max{[Tle(S)] : 18} = m}.
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The function Il¢(m) can be thought of as a measure of the complexity
of C: the faster this function grows, the more behaviors on sets of m
points that can be realized by C as m increases. Now clearly, if C does
not have finite VC dimension, then Ilz(m) = 2™ for all m since we can
shatter arbitrarily large finite sets. In this section, we prove a surprising
and beautiful result, namely that despite the fact that we might naively
expect Ilc(m) to grow as rapidly as an exponential function of m, it is
actually bounded by a polynomial in m of degree d, where d is the VC
dimension of C. In other words, depending on whether the VC dimension
is finite or infinite, the function Il¢(m) is either eventually polynomial or
forever exponential. For the more interesting and typical case of finite
VC dimension, we shall eventually translate the polynomial upper bound

on Ilg(m) into an upper bound on the sample complexity of PAC learning
that is linear in d.

We begin by proving that Il¢(m) is bounded by the function ®4(m)
defined below. We then show a polynomial bound on ®,4(m).

Definition 11 For any naturol numbers m and d, the function ®4(m)
18 defined inductively by

Dg(m) = D4(m — 1) + ®4_1(m — 1)

with inatial conditions ©4(0) = ®y(m) = 1.

Lemma 3.1 If VCD(C) = d, then for any m, Ile(m) < ®4(m).

Proof: By induction on both d and m. For the base cases, the lemma
is easily established when d = 0 and m is arbitrary, and when m = 0
and d is arbitrary. We assume for induction that for all m/, d’ such that
m' < m and d' < d and at least one of the two inequalities is strict, we
have Ile(m') < ®x(m'). We now show that this inductive assumption
establishes the desired statement for d and m.
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Given any set S of size m, let € S be a distinguished. point. Let us
first, compute |Ie(S — {z})|. This is easy since by induction (note that
S — {x} is a set of size m — 1) we have (S — {z})| < ®a(m — 1).

The difference between I1¢(S) and Il¢(S—{z}) is that Pairs .of distinct
sets in Tic(S) that differ only on their labeling of = are identified (that

is, merged) in Ie(S — {z}). Thus let us define
¢ ={cell(S):z¢ccUiz}te Ic(8)}.
Then |C'| counts the number of pairs of sets in IT¢(S) that are collapsed

i ive i - Note that €' = Il (S — {z})
to a single representative in TI¢(S {z}). ' _
because C' consists only of subsets of S5 — {z}. This yiclds the simple

equality lHC(S)l _ IHC(S _ {m})l + ]HC!(S - {:E})l

We now show that VCD(C') < d — 1. To see this, let s c S - {z}
be shattered by C’. Then S’ U {z} is shattered by C. Thus we must
have |S'] < d — 1. Now by induction we have |C'] = |Ter (S — {2z} <
@d_l(m - 1).

Our total count is thus bounded by By(m—1)+Pg1{m-1) = B4(m),
as desired. (Lemma 3.1)

Lemma 3.2 8,(m) = £y (7)-

Proof: By induction; the base cases are €asy to check. For the induc-
tion step, we have:

Ba(m) = @a(m — 1) + ®g-a(m — 1)

- \é(m;'l)+§(mz—l)
-5+ f)]

- 20
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where the second equality is by induction and we define (m__ll) =0 for

the third equality. O(Lemma, 3.2)

Now for m < d, ®4(m) = 2™. For m > d, since 0 < d/m < 1, we may
write:

@55 ()-0r0 e

Dividing both sides by (%

S
="

e
3.
@
&,
o
wm

d d

suim) =3 (7 ) < (%) = ot
=0

which is polynomial in m for fixed d, giving us the promised polynomial

bound for the case m > d.

3.5 A Polynomial Bound on the Sample
Size for PAC Learning

3.5.1 The Importance of e-Nets

Let us now fix the target concept ¢ € C, and define the class of error
regions with respect to ¢ and C by A(e) = {¢Acd : ¢ € C}. Tt is easy
to show that VCD(C) = VCD(A(c)). To see this, for any set S we can
map each element ¢’ € H¢(S) to dA(cn 8) € M) (9). Since this is a
bijective mapping of I1¢(S) to Ia(S), Taw(S)| = [e(S)|. Since this
holds for any set S, VOD(C) = VCD(A(c)) follows.

We may further refine the definition of A(¢) to consider only those
error regions with weight at least e under the fixed target distribution D.

Thus, let Ac) = {r € A(c) : Pryep[z € 7] > €}. We can now make the
following important definition:
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Definition 12 For any € > 0, we say that a set S is an e-net for A(c)
if every region in A (c) is “hit” by a point in S, that is, if for every
r € Ad(c) we have SN # 0.

An enet for A(c) is thus a set that hits all of the e-heavy regions of
A(c). As an example, suppose X 18 the closed interval [0, 1] and let D be
the uniform density on X. Suppose that C consists of all closed intervals
on [0,1] as well as the empty set @, and that the target concept ¢ = 0.
Then A(c) is again the set of all closed intervals on {0, 1]. For any interval
T under the uniform density, Pryeplz € I] is just the length of I. Any
interval whose probability is greater than e will have length greater than
¢, so the set of all points ke, for natural numbers 1 < k < [1/€], is an

e-net for A(c).

The notion of e-nets has actually been implicit in some of our earlier
analyses, in particular those of Occam’s Razor in Chapter 2. The im-
portant property of e-nets is that if the sample S drawn by a learning
algorithm forms an e-net for A(c), and the learning algorithm outputs
a hypothesis b € C that is consistent with S, then this hypothesis must
have error less than e since eAh € A(c) was not hit by S (otherwise
b would not be consistent with S), and S is an e-net for A(c), we must
have cAh & A.(e) and therefore error(h) < e.

Thus if we can bound the probability that the random sample S fails
to form an enet for A(c), then we have bounded the probability that
a hypothesis consistent with S has error greater than e. For the case
of finite C, the analysis of Occam’s Razor obtained such a bound by a
simple counting argument that we sketch again here in our new notation:
for any fixed error region cAh € Ac(c), the probability that we fail to hit
¢Ah in m random examples is at most (1 — ¢)™. Thus the probability
that we fail to hit some cAh € Ac(c) is bounded above by lIA()(1—€)™,
which in turn is bounded by [C](1 — €)™

Alternatively, we can carry out the above analysis replacing [C| by
®4(|X|). This follows immediately from the fact that C = Ile(X) and
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Lemftr%a 3.1. This gives us a bound of ®4(|X|)(1 — €)™ on the probabilit

of failing to draw an e-net for A(c). However, this does not represent any
progress over the state of affairs in which we began this chapter sinci
if X is infinite then ®4(|X|) is infinite as well. Ideally, we would iike to
carry out a similar analysis that instead of considering the entire domain

X considers only the small rand ‘
algorithm. Y random subset S observed by the learning

3.5.2 A Small e-Net from Random Sampling

We now show that if we draw a small set of examples from the oracle
EX(c, D), then they form an e-net with high probability. The impor-
ta:nt prf)perty is that the size of the required sample depends on the VC
d1mens?1on d and € and §, but is independent of |C| and |X|. From the
preceding discussion, this will immediately lead to an uppel-‘ bound on

the number of examples requi i
quired for PAC learning that d
these same quantities. ; epends only on

Suppose that we draw a multiset S of m random examples from D
and let A denote the event that the elements of S; fail to form an e-net’
for A(c). Clearly, our goal is to upper bound the probability of event
A. _If event A occurs, then by the definition of e-nets, S misses some
region v € A.(c). Let us fix this missed region 7, and suppose we now
draw an additional multiset Sy of m random examples from D. Since
each clement of S, has probability at least ¢ of hitting r, if m =.O(1 /€)
jahe probability S; hits r at least em/2 times is at least 1’/2 by Markov’s
inequality (see the Appendix in Chapter 9).

If we let B be the combined event over the random draws of S and
Sy that A occurs on the draw of Sy (so S; is not an e-net) and Sl has
at least em/2 hits in a region of A.(c) that is missed by S5, th92n we
have argued that Pr[B|A] > 1/2. Since the definition of event ’B already

requires that event A occurs on Sy, we also h _
so 2Px[B] > PrlA]. 1, we also have Pr(B] = Pr[B|A]Pr[4],
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Thus, we can upper bound the probability of event A by upper bound-
ing the probability of event B. The principal advantage of event B over
event A for the purposes of our analysis can be described as follows.
To directly analyze the probability of event A, we must consider all re-
gions of the uncountably infinite class A.(c) that S, might miss. To
analyze the probability of event B, we need only consider the regions of
Ha. &1V Sy). This is because the occurrence of event B is equivalent
to saying that there is some 7 € Ta,(o)(S1USy) such that |r| > em/2 and
rN S = 0.

To bound the probability that such an 7 exists, rather than drawing
S, at random and then drawing S, at random, we can instead first draw
o multiset S of 2m instances at random, and then randomly divide S
into S; and Ss. The resulting distribution of §; and S, is the same in
both experiments, since each draw from D is independent and identically
distributed. Now once S is drawn and fixed (but before it is divided ran-
domly into Sy and Sa), we may also fix a region r € Ila,()(S) satisfying
7| > em/2. For this fixed S and fixed r, we now analyze the probability
(with respect only to the random partitioning of S into 51 and S;) that
r S, = 0. We will then obtain a bound on the probability of event B
by summing over all possible fixed r € Ia,(S) and applying the union
bound.

Qur problem is now reduced to the following simple combinatorial
experiment: we have 2m balls (the multiset S), each colored red or blue,
with exactly £ > em/2 red balls (these are the instances of S that fall in
). We divide these balls randomly into two groups of equal size S and
S,, and we are interested in bounding the probability that all £ of the
red balls fall in S, (that is, the probability that r N Sy = 0).

Equivalently, we can first divide 2m uncolored balls into S and 59,
and then randomly choose £ of the balls to be marked red, the rest being
marked blue. Then the probability that all ¢ of the red marks fall on
balls S, is exactly ("g) (Zm) — this is simply the number of ways we can

£
choose the £ red marks in Sy divided by the number of ways the £ red
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marks can be chosen without ¢ i m\ ;{2 )
because onstraints. But ( e) /( ;n) <1 /22_ This is

(2) _ e fm=1) _ 1y 1
() = m =y <M (3)-7

Thus, for any fixed S and r € 11 isfyi
8, Au(e)(S) satisfying |r| > em/2, th
probability that the random partitioning of S results in lr NSy /= ) iz

at most 272, The probabilit i
mos . y that this occurs for some r € 1
satisfying |r| > em/2 (and thus Pr[B]) is at most 2ol5)

Ha(S)27%F < |Ha()2~F < |H(S)]2~F

€M d
< By(2m)2~F < (%Tm) 2%,

Finally, Pr[A] < 2Pr[B] < 2(2em/d)?2~"/?, which is less than 6 for

1.1 d, 1
m=0]-log—+—log~
(e ogé—i—eloge).

We have proved the main result of this chapter:

’l_')[‘heorem 3.'3 Let C be any cgncept class of VC dimension d. Let L
e any a_lgorzthm that takes as input o set S of m labeled examples of
cqncept in C, and produces as output a concept h € C that is cgnsz'sien(;
with S. Then L is a PAC learning algorithm for C provided it is give
random sample of m examples from EX (c, D), where m obeys e

1 1 d 1
m > - i -
_co(eloga-f—eloge)

for some constant ¢y > 0.

" Recall t.ha,t in Chapter 1, we saw that for computational reasons there
i y sometimes be a great advantage in using a hypothesis class H that
s more powerful than the class C from which the target is chosen. The

reader can verify that the same i
proof used to establish Th.
be used to prove the following analogue: corem 85 can
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Theorem 3.4 Let C be any concept class. Le.t H be any ;eprese;zaf:toz
class of VC dimension d. Let L be any qlgomthm that takes asompm :
set S of m labeled ezamples of a concept in C, cm.d proiuocels as o palgo_
concept h € H that is consistent with S. Then L is a P. g eamexgm o
rithm for C using H provided it is given a random sample of m D

from EX(c, D), where m obeys
1 1 d 1
_ _ —log —
10‘@2(:0(610g5—|-‘f ge)
for some constant co > 0.

Thus, to obtain an algorithm for PAC Ieam_ing C.usmg H, WE' ;altkli
a number of examples on the order of the V.C dimension of ’Hh(w Sl s
at least as large as the VC dimension (?f CifHD C) This s oxzwerful
while we may reduce our computation tl.me by choosing a mor; P i
hypothesis representation, we may algo increase the number of examp

required.

3.6 Sample Size Lower Bounds

We now show that the upper bound on the sample complexity of PJ{&C
learning given by Theorem 3.3 is tight within a factor of O ((110gf 1{{2)(10%;
i i how a lower bound 0
the dependence on §). First we s - ‘ of €2{c
ilgzlilglmber of examples required for PAC learning using a fairly simple
argument, then we present a refined argument
to Q(d/e).

Theorem 3.5 Any algorithm for PAC learning a concept class of Vapnik-
Chervonenkis dimension d must use Q(d/¢) examples in the worst case.

Proof: Consider a concept class C such that VCD(C) = d. Let St=
{zy 14} be shattered by C. To show a lower bound, we construct a

that improves the bound
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particular distribution that forces any PAC learning algorithm to take
many examples. Thus, let D give probability 1/d to each point in S, and
probability 0 to points not in S. For this distribution, we can assume

without loss of generality that C = I¢(S) (that is, X = S), so C is a
finite class and |C| = 24.

Note that we have arranged things so that for all of the 2¢ possible
binary labelings of the points in S, there is exactly one concept in C that
induces this labeling. Thus, choosing the target concept ¢ randomly from

C is equivalent to flipping a fair coin d times to determine the labeling
induced by con S.

Now let L be any PAC learning algorithm for C. Set the error pa-
rameter ¢ < 1/8, and consider running L when the target concept ¢ € C
is chosen randomly and the input distribution is . Suppose that after
drawing m < d examples from EX(c, D), L has drawn m’ < m differ-
ent instances; without loss of generality, let these be x1,...,z,. Then
from the above observations, it is clear that the problem of predicting the
correct label of any unseen instance z; for 7 > m/ is equivalent to pre-
dicting the outcome of a fair coin, since each label of ¢ on S is determined
by an independent coin flip. Thus the expected error (over the random
choice of ¢ and the sample of points) of L’s hypothesis is (d — m')/2d,
and by Markov’s inequality (see the Appendix in Chapter 9) is at least
(d —m')/4d with probability at least 1/2. For m = d/2 we obtain that
the error of L’s hypothesis is at least 1/8 with probability at least 1/2
(over the random choice of ¢ and the sample). Since this shows that L
must fail when ¢ is chosen randomly, there must certainly be some fixed

target concept on which L fails, thus giving the Q(d) sample complexity
lower bound.

To refine this argument to get a lower bound that incorporates €, we
simply scale the above coin flipping construction to a region of the distri-
bution that is small but still too large to be “ignored” by the algorithm.
Thus, we modify D to let the distinguished instance z; have probability
1 — 8 under D (we are essentially “giving” this instance along with its
correct label to L), and let x,...,zq each have probability 8¢/(d — 1)
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under D (this is the coin flipping region). Now by simply scaling our
previous calculation to the coin flipping region, the expected error of L
after seeing at most d/2 different instances is at least (1/8)8e = € with
probability at least 1 /2. But it is not difficult to show that now draw-
ing d/2 different points requires ()(d/€) examples, because our probiem
is reduced to obtaining d/2 “quccesses” in independent trials, each with
probability of success only 4e. O(Theorem 3.5)

3.7 An Application to Neural Networks

We conclude this chapter by giving a useful general lemma that bounds
VCD(C) when each concept in the class C is actually a composition of
simpler concepts. Such classes arise frequently — for instance, a DNF
formulae is simply a (very constrained) composition of boolean conjunc-
tions (the constraint being that we can only compute disjunctions of
conjunctions). After giving this lemma, we then apply it to obtain upper
bounds on the sample size required for PAC learning neural networks.

To formalize a general notion of concept composition, let G be a
layered directed acyclic graph. By this we mean that the nodes of G
can be partitioned into layers, and the directed edges of G go only from a
node at layer £ to a node at layer £ 4+1. We let n be the number of nodes
at layer 0, and we assume that all of these have indegree 0. We think of
these n layer 0 nodes as being the inputs to the graph. We also assume
that there is only a single node of outdegree 0 at the highest level of the
graph, and we think of this node as being the output node of the graph.
All internal (that is, non-input) nodes have the same indegree 7, and we
let s denote the number of internal nodes. Figure 3.5 shows an example
of such a layered graph with n =28, s = 8 and r = 3.

Now let C be a concept class over r-dimensional Euclidean space %"
Suppose we take such a layered graph G, and we label each internal
(that is, non-input) node N; with a concept ¢ € C. Then such a labeled
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Figure 3.5: A layered directed acyclic graph.

fﬁzpfb Vrr.e;)resents z%f conclept over n~-dimensional Euclidean space R" in
ious way: if we label each of the n input nod i

a real number, then starting wi e oot et

, g with layer 1 we can compute the v

. : alue at

iz,frlll illgd; N; by applying 15he concept ¢; labeling node N; to the values

con é)e ! (i) ! :Lrt §]1:%}1%9 ;}fd’es feczdmlg Nj. (Note that although concepts in C are
, the input values feeding nodes at level 2 and hi i

gher will

?EZuslly only 1be from {0,1}".) The output of the entire labeled graph is

. inary value cox:;puted at the output node. We will call the class of

? concepts over R” that can be obtained by labeling G with concepts
rom C the G-composition of C, which we denote Cg. P

T :
ns:gs)relg 3.6 Le‘t G be a layered directed acyclic graph with n input
and s 2 2 internal nodes, each of indegree r. Let C be a concept

class over R" of VC dimension d, a
, and let N "
Then VCD{(Cs) < 2dslog(es). et Cq be the G-composition of C.

Proof: The idea is to first bound the function II¢,(m). Let us fix any
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set § of m input vectors T, .., Im € R tO the graph G (thus, each T;
determines a complete setting of the n input nodes of G). For this fixed
input set S, if we now also label each node in G with a concept from
C, then for each Z; we have completely determined the binary values
that will be computed at every node of G when the input is ;. Let
us call the collection of all the values computed at each node, for each
7 €S, a computation of G on §. Thus, a computation can be represented
by labeling each internat node with the vector in {0,1}" of the values
computed at that node on the m vectors in S. Then the set of all possible
computations of G on S is obtained by ranging over all possible choices
of labels from C for the nodes of G. Note that two computations of G on
g differ if and only if the value computed at some node on some input
from § differs in the two computations. Clearly, Tl (S)] 18 bounded
by the total pumber of possible computations of G on S, which we shall

denote Teg(S)-

To bound Te,(S), let G’ be the subgraph obtained by removing the
output node N, from G. Let Teg (S) denote the total number of com-
‘putations of ¢ on S. Each fixed computation of G can be extended to
at most IIe(m) computations of G, because fixing the computation of G’
determines for each 1 < i < m the input 7 € {0, 1}” that is fed to N,
when ; is fed to G, and at most TIc(m) labelings of 1,...,Jm can be
obtained at N, by varying the choice of concept from C placed at No.
Thus we obtain that for any S, Tes(S) € Teg, (S) X Tl (m), and a simple
inductive argument establishes

s (8) < Tea(®) < ctm < ()

where the second inequality comes from the polynomial bound on the
TI(m) given in Section 3.4. Since S was arbitrary, this bound in fact
holds for Tle, (m).

Thus in order for Cg to shatter m points, the inequality (em/ dyds > 2™
must hold. Conversely, if (em/ d)¥ < 2™ for some m, then m is an upper
bound on VCD(Cg). It is easy to verify that this latter inequality holds
for m = 2ds log(es) provided s > 2. O(Theorem 3.6)

The Vapnik-Chervonenkis Dimension
67

To

o ii)fl;ﬂi[‘;;orl:?tiﬁ fto the problem of PAC learning neural net
- » e function at each node i X
orke . ch node in the graph

e ;ytzz?ilo}dhfunctlon. If the indegree is 7, such a ?unftiof isb ?:1 ;
ned by rea §Retl}gl ts wl,'...,wr € R and a threshold ® ¢ ®. Onin u::a_
Ot};er“;isé - Ie function outputs 1 if ¥, wz; > ©, and out 111; (S)

. We call G the underlying architecture of_the ,neura,l nefwoik

Now as we mentioned 1 i

‘ in Section 3.3, it is kno i

f;gnﬁc;fd tl;i class of linear threshold on r inputs is“;n;llla%;heTge(i by
at the Vapnik-Chervonenkis of the class of neural n;’f:vnorgl;g

with architecture 7 is at
mo .
orem 3.3, we obtain: st 2(rs+5) log(es), and combined with The-

Theorem 3.7 Let G b 3
. e any directed acyclic
0 . graph, and let C
nj; ;Lezun;fhnetworks on an architecture G with indegree r avfdbz t{’“; cloes
. en the number of examples required to learn Cq is pntermal

1. 1 (rs+
ofiogl  rsts)logs, 1
(6 0g5+ - log - | .

€
3.8 Exercises

3.1. Compute the VC di i
’ im
literals over {0,1}". ension of the class of boolean conjunctions of

3.2. Consider the co
ncept class over the Eucli
32 Consid : . uclidean plane R2 isti
o ?.0111.111;31'105- r;g,:lons of circles; thus, the positive exzmples of f;f;iilsmﬂg
a disk in the plane. Compute the VC dimension of this cf;sr;_

Compute the VC di i
mensio . )
plane. n of the class of interiors of triangles in the

3-3- ShO h heI‘ - 3 p g
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1-decision lists over {0,1}" is ©(n), and that the VC dimension of k-
decision lists is ©(n¥). Hint: show that 1-decision lists over {0, 1}" com-
pute linearly separable functions (halfspaces). You may use the fact that
the VC dimension of halfspaces over R” is linear in n.

ignores i i i
ng examccl)mputaffmnal considerations, and concentrates on the number
ples required for learning from positive examples alone

o gzrsay thgft a sub(.::la.ss C’ C € has unique negative examples if
ore v ce (', }:here’ is an instance z. € X such that z, € ¢ but =, € ¢
very other ¢’ € C'. We define the unique negative dimensi;n of

the class C, UND(C), to be Lo
’ ) the card
has unique negative examples. rdinality of the largest subclass ' that

3.4, Let P,y be the class of concepts over R4 defined by convex polytopes
with k sides; thus, each the positive exammples of each concept in Py, are
defined by the convex intersection of k halfspaces in ¢, Give the best
upper and lower bounds that you can on VCD(P,y). You may use the

fact that the VC dimension of halfspaces over R4 is linear in d. p
rove that any algorithm learning C from positive examples alone

. . i
(regardless of computation time or the hypothesis class used) requires

3.5. Let C be any concept class of VC dimension d over X, and let D
QUUND(C)/¢) positive examples.

be any distribution over X. Suppose we are given access to a source of
random (unlabeled) instances drawn according to D, and also access 10
an oracle that for any labeled sample of points will return “Yes" if there
is & concept in C that is consistent with the labeled sample, and will
return “No” otherwise. Describe an algorithm that on input any finite
set of instances S € X and any ¢, 5 > 0 will output either the answer
“Yes, S in an e-net for C with respect to D", or the answer “No, S is
not an €/4-net for C with respect to D”. Moreover, the algorithm must
give a correct answer with probability at least 1— 6. The algorithm need
not be efficient. (The quantity € /4 in the “No” condition can in fact be
replaced by e for any fixed constant e < 1, giving an arbitrarily refined
test.)

Th ..
learninenffor;ve th-a.t O(UND(C)/e) positive examples are sufficient for
5 positive examples alone by the following steps. Consider

the algorithm that takes
a sample S of posit]
concept and returns the hypothesis positive examples of the target

h:mCin(S)z ﬂ c.

ceC:SCe

N .o
ote that A may not be contained in C, and also that this algorithm will

never err on a negative
3.6. Prove that the bound of ®4(m) on Tc(m) is tight: that is, for any g el e et o

concept class C of VC dimension d and any m, there exists a set S of m

First show that if .
boints such that |Tle (5)] = Bo(m). it on random samples S of size d/e (where d =

UN.

on IZ }E{(:,’))dfrom EX(c, DY), the expected error of ming(S) with respect to
o exceeds €, then there must exist a set S* C ¢ of size d/e+ 1 wi

property that for a fraction at least e of the x—e S*, = ¢ mi S*Wlth iy

Then show that this implies that UND(C) > d, a cjontra.diizl’zico(n ~

3.7. In this exercise we consider the two-oracle model of PAC learning
defined in Exercise 1.3 of Chapter 1. We say that a concept class C is
PAC learnable from positive examples alone if it is PAC learnable
by an algorithm that only draws from the oracle EX (¢, D}) when learning
target concept ¢ € C (the hypothesis must still meet the two-sided error
criterion). We have already seen in Chapter 1 that boolean conjunctions
are efficiently PAC learnable from positive examples alone. This exercise

Th .
leaminusjf O(UN. D (C)/ €} positive examples are necessary and sufficient for
g from positive examples alone, and the unique negative dimension

plays a role analogous to the Vapni o
model of learning. e Vapnik-Chervonenkis dimension for this
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3.9 Bibliographic Notes

The classic paper on the VC dimension, and the one in which the main
clements of the proof of Theorem 3.3 are first introduced, is by Vapnik
and Chervonenkis [95]. These ideas were introduced into the computa-
tional learning theory literature and elaborated upon in the influential
work of Blumer, Ehrenfeucht, Haussler and Warmuth [22]. Vapnik has
also written an excellent book [94] that greatly extends the original ideas
into a theory known as structural risk minimization.

The VC dimension and its attendant theorems have been influential
in the neural network and artificial intelligence machine learning commu-
nities. The calculation of the VC dimension of neural networks is due to
Baum and Haussler [13], and Abu-Mostafa [1] and Tesauro and Cohn [89]
examine VC dimension issues from a neural network perspective. Haus-
sler [45] examines the VC Jimension as a form of inductive bias from an
artificial intelligence viewpoint.

The value of the VC dimension as a measure of the sample complex-
ity of learning transcends the PAC model; many authors have shown
that the VC dimension provides upper or lower bounds on the resources
required for learning in many models. These include on-line models of
learning {Haussler, Littlestone and Warmuth [51]; Maass and Turén (69);
Littlestone [66]), models of query learning (Maass and Turdn 169]); and
many otbers.

The VC dimension has also been generalized to give combinatorial
complexity measures that characterize the sample complexity of learning
in various extensions of the PAC model. Perhaps the most general work
along these lines in the computational learning theory literature has been
undertaken by Haussler [48], who draws on work in statistics, notably the
work of Pollard [74] and of Dudley [31). Haussler’s general framework is
examined carefully in the context of learning probabilistic concept by
Kearns and Schapire [61], who prove that a certain generalization of the
VC dimension provides a lower bound on sample size for learning in this
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model, and by Alon et al. [4], who give an upper bound.

The VC dimension and its generalizations are only one of the man
ways that computational learning theory and statistics attempt to quan{
tify the b(?havior of learning curves, that is, the error of the hypothesis
as a function of the number of examples seen. For instance, among the
many alternative methods of analysis are theories based OI’L tools from
information theory and statistical physics [50, 86].

The Q(d/e) sample size lower bound is due to Ehrenfeucht et al. [33]

who also give the solution to Exercise 3.3. E i :
Graus [39]. .3. Exercise 3.7 is due to Gereb-



